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Optimal Transport



2. Matching distributions

Optimal transport finds 

a smooth / probabilistic alignment

using some underlying geometry

2. Matching of distributions Can this matching be used for time series  
data ?

Time series alignment: DTW
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Dynamic time warping
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min
A2A

<latexit sha1_base64="xEU6bJ9azsNKq9w88Z6+V+Q0t5M="></latexit>

ADynamic programming recursion

Time series alignment: DTW

Softmin
+ Differentiability

+ Sensitivity to time shifts

(Cuturi & Blondel, 2017)

(Janati et al., 2020)



Small recap

22

1. Comparing distributions
Kullback-Leibler (relative entropy)


KL(↵,�) =

Z
log

✓
d↵

d�

◆
d↵

<latexit sha1_base64="Ydw86/X6AISC+f4YBRh2k9PwFrc="></latexit>

MMD norms

k↵� �k2K =

ZZ
K(x, y)d2(↵� �)

<latexit sha1_base64="UWN4AwiBtQxv9tpZrBgF2FV2wAY="></latexit>

OT(↵,�) = min
⇡

⇡1=↵,⇡2=�

ZZ
Cd⇡

<latexit sha1_base64="WRWtgYEV3RdH8367CMBwyuH8NZw="></latexit>

Optimal Transport

2. Matching distributions 

OT(↵,�) = min
⇡

⇡1=↵,⇡2=�

ZZ
Cd⇡

<latexit sha1_base64="WRWtgYEV3RdH8367CMBwyuH8NZw="></latexit>

Optimal Transport Matching time series data (dtw)

dtw�(x, y) =

<latexit sha1_base64="Y7MQnzfMPQ1J1JpE/Ss/QO6wEE8="></latexit>

�(xi, yj)

<latexit sha1_base64="zr3fWl5yWRYDF5vxOrw4EYhdsm0="></latexit>

X

i,j

Aij�(xi, yj)

<latexit sha1_base64="Tx9KbI5C34YagwHWh8IV1VmXMDs="></latexit>

min
A2A

<latexit sha1_base64="xEU6bJ9azsNKq9w88Z6+V+Q0t5M="></latexit>

3. Averaging distributions 

argmin
�

KX

k=1

wkDist(↵k,�)

<latexit sha1_base64="E369rlCwR5BUy/+kb32Q3tO7D+A="></latexit>

For any distance above, define the Fréchet mean:



3. Averaging distributions
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argmin
�

KX

k=1

wkDist(↵k,�)

<latexit sha1_base64="E369rlCwR5BUy/+kb32Q3tO7D+A="></latexit>

No geometry 

(Euclidean / KL)

Geometry 

(OT)



3. Averaging distributions
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argmin
�

KX

k=1

wkDist(↵k,�)

<latexit sha1_base64="E369rlCwR5BUy/+kb32Q3tO7D+A="></latexit>

No geometry 

(Euclidean / KL)

Geometry 

(OT)



3. Averaging distributions
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argmin
�

KX

k=1

wkDist(↵k,�)

<latexit sha1_base64="E369rlCwR5BUy/+kb32Q3tO7D+A="></latexit>

No geometry 

(Euclidean / KL)

Geometry 

(OT)

OT averaging

is minimizing “spatial


variance”



Similarly, averaging time series we can use:
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With Dist = dynamic time warping: dtw�(x, y) =

<latexit sha1_base64="Y7MQnzfMPQ1J1JpE/Ss/QO6wEE8="></latexit>

�(xi, yj)

<latexit sha1_base64="zr3fWl5yWRYDF5vxOrw4EYhdsm0="></latexit>

X

i,j

Aij�(xi, yj)

<latexit sha1_base64="Tx9KbI5C34YagwHWh8IV1VmXMDs="></latexit>

min
A2A

<latexit sha1_base64="xEU6bJ9azsNKq9w88Z6+V+Q0t5M="></latexit>

argmin
�

KX

k=1

wkDist(↵k,�)

<latexit sha1_base64="E369rlCwR5BUy/+kb32Q3tO7D+A="></latexit>

What about averaging spatio-temporal data ?

3. Averaging spatio-temporal data

Use DTW with a cost �(xi, yj)

<latexit sha1_base64="zr3fWl5yWRYDF5vxOrw4EYhdsm0="></latexit>

defined through optimal transport

[Janati et al, 2022]



Sample complexityComputational complexity

E[L(↵n,�n)� L(↵,�)] = O(?(n))

<latexit sha1_base64="x5YCtU19b39NvLYWKqP1dDJOUYo="></latexit>

E[L(↵n,�n)� L(↵,�)] = O(?(n))

<latexit sha1_base64="x5YCtU19b39NvLYWKqP1dDJOUYo="></latexit>

# of operations to compute
“Geometry”

Kullback-Leibler (relative entropy)


KL(↵,�) =

Z
log

✓
d↵

d�

◆
d↵

<latexit sha1_base64="Ydw86/X6AISC+f4YBRh2k9PwFrc="></latexit>

KL — 

MMD norms

k↵� �k2K =

ZZ
K(x, y)d2(↵� �)

<latexit sha1_base64="UWN4AwiBtQxv9tpZrBgF2FV2wAY="></latexit>

MMD + O(n�1)

<latexit sha1_base64="24sCShl/GTMu2D6zgNgI+7ZMIfI="></latexit>

O(n2)

<latexit sha1_base64="mmVIJDoPlAvkuN3yqPExTqD1V/s="></latexit>

OT(↵,�) = min
⇡

⇡1=↵,⇡2=�

ZZ
Cd⇡

<latexit sha1_base64="WRWtgYEV3RdH8367CMBwyuH8NZw="></latexit>

OT +++ O(n3)

<latexit sha1_base64="k5P4g7+IZgG9KBzODVw9jKsycJs="></latexit>

O(n� 2
d )

<latexit sha1_base64="ia43o2PVJterHJs7urR4GqvVu9I="></latexit>

O(n)

<latexit sha1_base64="NZY/sGx2RqO4OdX9DP22SCMbabI="></latexit>

Ill-defined (can be        ) +1

<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

Closing the loop



Sample complexityComputational complexity

E[L(↵n,�n)� L(↵,�)] = O(?(n))

<latexit sha1_base64="x5YCtU19b39NvLYWKqP1dDJOUYo="></latexit>

E[L(↵n,�n)� L(↵,�)] = O(?(n))

<latexit sha1_base64="x5YCtU19b39NvLYWKqP1dDJOUYo="></latexit>

# of operations to compute
“Geometry”

Kullback-Leibler (relative entropy)


KL(↵,�) =

Z
log

✓
d↵

d�

◆
d↵

<latexit sha1_base64="Ydw86/X6AISC+f4YBRh2k9PwFrc="></latexit>

KL — 

MMD norms

k↵� �k2K =

ZZ
K(x, y)d2(↵� �)

<latexit sha1_base64="UWN4AwiBtQxv9tpZrBgF2FV2wAY="></latexit>

MMD + O(n�1)

<latexit sha1_base64="24sCShl/GTMu2D6zgNgI+7ZMIfI="></latexit>

O(n2)

<latexit sha1_base64="mmVIJDoPlAvkuN3yqPExTqD1V/s="></latexit>

OT(↵,�) = min
⇡
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ZZ
Cd⇡

<latexit sha1_base64="WRWtgYEV3RdH8367CMBwyuH8NZw="></latexit>

OT +++ O(n3)

<latexit sha1_base64="k5P4g7+IZgG9KBzODVw9jKsycJs="></latexit>

O(n� 2
d )

<latexit sha1_base64="ia43o2PVJterHJs7urR4GqvVu9I="></latexit>

O(n)

<latexit sha1_base64="NZY/sGx2RqO4OdX9DP22SCMbabI="></latexit>

Ill-defined (can be        ) +1

<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

Closing the loop

OT"(↵,�) = min
⇡

⇡1=↵,⇡2=�

ZZ
Cd⇡ + "KL(⇡,↵⌦ �)

<latexit sha1_base64="FZ5ULom13ueTswqCxojNV85ekVg="></latexit>

Entropy-regularized OT [Cuturi et al, 2013]
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MMD norms
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<latexit sha1_base64="UWN4AwiBtQxv9tpZrBgF2FV2wAY="></latexit>

MMD + O(n�1)

<latexit sha1_base64="24sCShl/GTMu2D6zgNgI+7ZMIfI="></latexit>

O(n2)

<latexit sha1_base64="mmVIJDoPlAvkuN3yqPExTqD1V/s="></latexit>

OT(↵,�) = min
⇡
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Cd⇡

<latexit sha1_base64="WRWtgYEV3RdH8367CMBwyuH8NZw="></latexit>

OT +++ O(n3)

<latexit sha1_base64="k5P4g7+IZgG9KBzODVw9jKsycJs="></latexit>

O(n� 2
d )

<latexit sha1_base64="ia43o2PVJterHJs7urR4GqvVu9I="></latexit>

O(n)

<latexit sha1_base64="NZY/sGx2RqO4OdX9DP22SCMbabI="></latexit>

Ill-defined (can be        ) +1

<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

Closing the loop

OT"(↵,�) = min
⇡

⇡1=↵,⇡2=�

ZZ
Cd⇡ + "KL(⇡,↵⌦ �)

<latexit sha1_base64="FZ5ULom13ueTswqCxojNV85ekVg="></latexit>

Entropy-regularized OT Not a distance !
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KL — 

MMD norms

k↵� �k2K =
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K(x, y)d2(↵� �)

<latexit sha1_base64="UWN4AwiBtQxv9tpZrBgF2FV2wAY="></latexit>

MMD + O(n�1)
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d )
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⇡

⇡1=↵,⇡2=�
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Cd⇡ + "KL(⇡,↵⌦ �)

<latexit sha1_base64="FZ5ULom13ueTswqCxojNV85ekVg="></latexit>

S"(↵,�) = OT"(↵,�)�
1

2
(OT"(↵,↵) + OT"(�,�))

<latexit sha1_base64="EeDL+KRyW49QbhKZIS1j/4lzfYg="></latexit>

Entropy-regularized OT

O(n)

<latexit sha1_base64="NZY/sGx2RqO4OdX9DP22SCMbabI="></latexit>

Ill-defined (can be        ) +1

<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

Not a distance !
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<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

S +++ O(n2)

<latexit sha1_base64="mmVIJDoPlAvkuN3yqPExTqD1V/s="></latexit>

O(n�1
"
�1/d)

<latexit sha1_base64="3JA+VtcDecSS7Plq1UWK0LYDLxs="></latexit>
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" �! +1
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" �! +1

<latexit sha1_base64="soJiMZsvm7B+c2R/lqm+aQOsOAY="></latexit>
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<latexit sha1_base64="soJiMZsvm7B+c2R/lqm+aQOsOAY="></latexit>

Entropy-regularized OT

O(n)

<latexit sha1_base64="NZY/sGx2RqO4OdX9DP22SCMbabI="></latexit>

Ill-defined (can be        ) +1

<latexit sha1_base64="JgC0Bp/pP1WCFSIteWJvJTJx1OY="></latexit>

Optimal Transport

S +++ O(n2)

<latexit sha1_base64="mmVIJDoPlAvkuN3yqPExTqD1V/s="></latexit>

[Feydy et al, 2019]

[Cuturi et al, 2013]

O(n�1/2
"
�1/d)

<latexit sha1_base64="UmXoP0d8AxShe/nK3esqaoEDzOk="></latexit>
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MMD norms
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Entropy-regularized OT

Optimal Transport

[Feydy et al, 2019]

[Cuturi et al, 2013]

Number of ML papers with OT Number of ML papers with OT 
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